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(3Jq[ Abstract. Let C(K) be the Banach space of all continuous functions on a given 

compact space K. We investigate the u>*-sequential closure in C(K)* of the set of 
all finitely supported probabilities on K. We discuss the coincidence of the Baire 
cr-algebras on C(K) associated to the weak and pointwise convergence topologies. 



I. Introduction 

We denote by u the set of all natural numbers {0, 1,2,...}. Any n G u is often 
regarded as the set {0,1, . . . ,n — 1}. 

Let K be a compact space (all our topological spaces are Hausdorff), let C(K) be 
the Banach space of all continuous real- valued functions on K and let M(K) = C(K)* 
be the space of all Radon (signed) measures on K. Throughout the paper M{K) is 
equipped with the weak* topology (denoted by w* for short) unless otherwise stated. 
We denote by M + (K) (resp. P(K)) the subset of M(K) made up of all Radon 
non-negative (resp. probability) measures on K. For every t G K we denote by 
8 t G P{K) the Dirac measure at t. We shall write coA^ for the convex hull of 
the set A K := {5 t : t G K} in M(K). Given a set A C M(K), we denote by 
Seq(A) the sequential closure of A in M(K), that is, the smallest subset of M(K) 
that contains A and is closed under limits of w*-convergent sequences. The sequential 
closure is obtained by a transfinite procedure as follows. Define Seq°(A) := A, and 
let Seq a+1 (A) be the set of all limits of w*-convergent sequences in Seq a (A), and let 
Seq a (A) := [j /3<a Seq l3 (A) whenever a is a limit ordinal. Then Seq(A) = Seq Wl (A), 
where u± stands for the first uncountable ordinal. 

The set coA^- is w*-dense in P{K) (just apply the Hahn-Banach theorem). For an 
arbitrary \i G P(K), a classical result (see jH]) states that fi G 5 , eg 1 (coA ft: ) if and 
only if \x admits a uniformly distributed sequence, i.e. a sequence {t n } n£uj in K such 
that J2i< n &u }n€u is u;*-convergent to There is a number of well-studied classes 
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of compact spaces K on which every Radon probability measure admits a uniformly 
distributed sequence or, equivalently, the equality 

(1.1) Seq 1 (coA K ) = P(K) 

holds true. Indeed, K has such a property whenever it is metrizable, Eberlein, Rosen- 
thal, Radon-Nikodym or a totally ordered compact line (see [13] and the references 
therein). The space K = 2 C enjoys that property as well [8j 491Q], where c stands 
for the cardinality of the continuum. The Stone space K of a minimally generated 
Boolean algebra satisfies Seq^coAx) = P{K) (see [2]) and, in fact, this result can be 
strengthen to saying that equality (11.11) holds. 

Under the Continuum Hypothesis, we present in Section [2] a construction of a com- 
pact O-dimensional space K such that 

Seq 1 (coA K ) ^ Seq(coA K ) = P{K) 

(see Theorem 12.71) . Our example has some features of an L-space constructed in [10] 
and related constructions given in [IB]- In fact, the compact space K of Theorem 12.71 
satisfies S'eg 1 (coAx) ^ Seq 2 (coAx) and S , eg 3 (coA^) = P(K). Along this way, it was 
recently proven in [3] (without additional set-theoretic assumptions) that for every 
ordinal 1 < a < u± there is a compact space K {a) such that 

Seq a (coA K(a) ) \ (J Seq" (co A K(a) ) ^ 

(3<a 

and Seq a+1 (coA K(a) ) = Seq(coA K(a) ) ^ P(K^). 

Our interest on these questions is somehow motivated by their connection with 
the study of Baire measurability in the space C(K). Namely, if C P (K) (resp. C W (K)) 
stands for C(K) equipped with the pointwise convergence (resp. weak) topology, then 
the corresponding Baire a-algebras satisfy 

Ba(C p (K)) C Ba(C w (K)). 

It is well-known (see [6]) that Ba.(C p (K)) is generated by A^, while Ba(C w (K)) is 
generated by P(K). Thus, the equality 

(1.2) B a (C p (K)) = Ba(C w (K)) 

holds true whenever Seq(coA K ) = P(K), and this is the case for many spaces as we 
pointed out above. The compact space of Theorem 12.71 makes clear that equalities 
(II. ip and (II. 2p are not equivalent. In Section |3] we pay further attention to (II. 2p and 
show that it fails for K = (3u and K = f3u\u (Theorem 13.41 and Corollary 13.3 j) . Some 
related open problems are posed at the end of the paper. 
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Terminology. We write V(S) to denote the power set of any set S. Given a Boolean 
algebra 21, by a 'measure' on 21 we mean a bounded finitely additive measure. The 
Stone space of all ultrafilters on 21 is denoted by ULT(2l). Recall that the Stone 
isomorphism between 21 and the algebra Clop(ULT(2l)) of clopen subsets of ULT(2l) 
is given by 

21 -> Clop(ULT(2l)), A h-> A = {J 7 G ULT(2l) : A G J 7 }. 

Every measure fj, on 21 induces a measure A i— >• on Clop(ULT(2l)) which can be 
uniquely extended to a Radon measure on ULT(2l) (see e.g. [TU Chapter 5]); such 
Radon measure is still denoted by the same letter \i. We shall need the following 
useful fact about extensions of measures. 

Lemma 1.1 ( pTTl [15] ) . Let £ D 23 be Boolean algebras and let \x be a measure on 23. 
Then // can be extended to a measure v on €, such that mf{u(C A B) : B G 23} = 
for every C G £. 

2. A compact space K such that Seq 1 (coA K ) ^ Seq(coA K ) = P{K) 

For the sake of the construction we first note the following two lemmas. We denote 
by spanA^ the linear span of in M(K). 

Lemma 2.1. Let K be a compact space and let /i G Seg^spanA^) for some a < U\. 
If(fE C(K) and v G M(K) is defined by 

i/(0) := / ipdfx for every Borel set O C K, 
Jn 

then v G ^^"(spanA^) as well. The same statement holds if span A k is replaced by 
M + (K) H spanA K and<p>0. 

Proof We proceed by transfinite induction. The case a = being obvious, suppose 
that 1 < a < oj i and that the statement is valid for all ordinals /3 < a. There is 
nothing to prove if a is a limit ordinal, so assume that a = £ + 1 for some £ < uj\. 
Fix a sequence {/i n } neaJ in Seg^spanA^) which is w*-convergent to fi. For every 
n G uj we define v n G M(K) by v n {Vt) := J Q (p dfi n for every Borel set Q C K, so that 
v n G 5*eg^(spanA^) by the inductive hypothesis. Clearly, for every g G C(K) we have 



lim / g dv n = lim / gip dfi n = / gpdfi= / g du, 
n Jk n Jk Jk Jk 

that is, {f n }neo) is w*- convergent to v. Thus v G S , eg^ +1 (spanA^). □ 

Lemma 2.2. Let K be a compact space and let \x G ^^(coAk) for some a < uj\. If 
v G M(K) is absolutely continuous with respect to fi, then v G S'eg Q!+1 (spanAft:). If 
in addition v G M + (K), then v G Seq a+1 (M + (K) n spanA^). 
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Proof. Let <p : K — > R be the Radon-Nikodym derivative of u with respect to /i. Fix a 
sequence {y?fc}fcew in C(K) such that lint*; f K — ip k \ d/i = 0. For every fceuwe define 
z/fc G M(K) by z/fc(f2) := J n d// for every Borel set fl C K. Since each v k belongs to 
Seg Q (spanAif) (by Lemma I27TT) and {v^k&ui is u>*-convergent to v (in fact, it is norm 
convergent in M(K)), it follows that v G Seg° +1 (spanAA'). For the last assertion, 
just observe that (p and the (p^s can be chosen non-negative if v G M + (K). □ 

We next fix some terminology and prove further auxiliary results. Throughout this 
section we shall deal with the space X := u x 2 W , where 2 W = {0, 1} W is the Cantor 
set. For any set B C X and n G co we write £?| n := {t G 2 W : (n, t) G 5}. Let A denote 
the usual product probability measure on (the Borel cr-algebra of) 2 U . 

We will construct an algebra 21 C V{X) such that the Stone space K = ULT(2l) 
satisfies the required properties. Let 2to be the algebra of subsets of X generated by the 
products of the form Ax C where A C u> is either finite or cofinite and C G Clop (2^). 
Clearly, 2lo is admissible in the sense of the following definition: 

Definition 2.3. We say that a set B C X is admissible if B\ n G Clop^) for all n G u 
and lim n A(i?| n ) exists. In such a case, we write 

y.(B) :=limA(S|„). 

n 

We say that an algebra 53 C V(X) is admissible if every B G 53 is admissible. 

Lemma 2.4. Lei 53 C V(X) be a countable admissible algebra and let T> C 53 . TVien 
i/iere zs a sei ACI snc/i t/iat: 

(i) the algebra generated by 53 U {A} zs admissible; 

(ii) /or even/ D &T> we have D\ n C Ai n /or a// 6«t finitely many n G w; 

(in) M^)<E^M^)- 

Proof. Let {£?-,■ : j G w} and {.D, : j G w} be enumerations of 53 and £~>, respectively. 
For every k G u, we denote by 53*, C V(X) the finite algebra generated by the 
collection {Bj : j < k} U {Dj : j < k} and we set D k := D U . . . U D k G 53 fc . By the 
admissibility of 53 we can define a strictly increasing function g : u — > u such that for 
every k G u and n > g(k) we have 

(2.1) |MC)-A(q„)| < for all C G 53 fc . 

Define a set A C X by declaring that 

A|„ := (-Dfe)| n whenever g(k) < n < g(k + 1) 

and A| n := if n < o(0). Clearly, A satisfies (ii). 

To prove (i), notice first that every element B of the algebra 53' generated by 53 U {A} 
is of the form B = (Bj PI A) U (Bi \ A) where i, j G u. Since 53 is admissible and 
A\ n G Clop(2 tJ ) for every n G w, we have £?| n G Clop(2 w ) for every n G w. To prove 
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the admissibility of B it suffices to check that the sequences {\((Bj fl ^)|n)} new and 
{A((.Bj PI ^4)|n)} ngw are Cauchy, because 

X(B ]n ) = XdBj n A), n ) + A((fl« \ A), n ) = \{{B 3 n A), n ) + A((A)|n) - A((#« n A), n ) 

for every n G w. Fix e > 0. Since // is a probability measure on 53, the sequence 
{/i(.Bj fl Df.))j is increasing and bounded and there is k G u; such that 

(2.2) n A \ Z? fco ) < e whenever k > k . 

Of course, we can assume further that k$ > j and ^-xj < e. Take any n > g(ko). 
Then g(&) < n < g(fc + 1) for some > k , hence (Bj fl A)\ n = (Bj fl A)|n and so 

(2.3) |A((£,- n A) ]n ) - fi(Bj n A )| = |A((5, n D fc )|„) - n A )| < 

< |A((B, n D fe )| n ) - //(^ n A)| + n A \ A ) < + e < 2s, 

by ([H]) and (Q. It follows that \X((Bj n A)| n ) - A((5 i n A)| m )| < 4 £ whenever 
n,m> g(k ). This shows that the sequence {\((Bj nA)|„)} is Cauchy. 

Finally, (iii) follows from the argument above by choosing j G oj with Bj = X. 
Indeed, by taking limits in (I2.3P when n — > oo we get \fi(A) — /i(A )| < 2e and so 

li(A) <2e + //(A*) < 2^ + MA) < 2e + ^ /i(A). 

As e > is arbitrary, we have fi{A) < ^ ieuJ MA) and the proof is over. □ 

Given an admissible algebra 53 C V(X), we write A/" (53) to denote the collection of 
all decreasing sequences {Bk}keu> in 53 such that lim^ fi(Bk) = 0. 

Lemma 2.5. Let 53 C V(X) be a countable admissible algebra, S C A/" (53) a countable 
collection and e > 0. T/ien t/iere zs a set ACI such that: 

(i) £/ie algebra generated by 53 U {A} is admissible; 

(ii) /or ever?/ {£?fc}fc gw 6 5 i/iere is k <E u such that 

(-Sfco)ln ^ /or aZZ frirf finitely many n G w; 

(iii) /i(A) < £. 

In t/iis case we say that S is e-captured by A. 

Proof. Enumerate S = {{B J k } keul : j G u}. For every j G u we can pick fc(j') G w 
such that fi(B 3 k ^) < s/2^ +1 . Now it suffices to apply Lemma |2^P to the collection 

T> ■= {"kn ■ 3 e w >- 1 1 

Lemma 2.6. Lei 53 C V(X) be an admissible algebra containing 2lo- Lei {fk}keu) be 
a sequence of probability measures on V(X) such that: 

(i) each v k is supported by a finite subset of X ; 

(ii) limfc^fc(£?) = n(B) for every B G 53. 



6 



A. AVILES, G. PLEBANEK, AND J. RODRIGUEZ 



Let B G 2$ be such that n(B ) > 0. Then there is A C B such that the algebra 
generated by 03 U {A} is admissible and {vk{A)}keiu does not converge to fi(A). 

Proof. For every k G cu we fix a finite set Sk C X such that Vk(Sk) = 1. We begin by 
choosing two strictly increasing sequences in u, say {rij}j Eu! and {/Cj}^, such that 
no = k = and for every j G a; we have: 

(a) z^. +1 (#,- n B ) > n(B )/2, where := (w \ nj ) x2 w e 2t ; 

(b) S k . +1 C n i+ i x 2-. 

This can be done by induction. Indeed, given rij, fcj G u;, the conditions 

lim Uk(Rj) = fi(Rj) = 1 and limz/ fc (_B ) = h{Bq) > 

fc A; 

ensure the existence of kj+i > kj for which (a) holds; then we choose nj+\ > rij 
satisfying (b) (bear in mind that Sfc- +1 is finite). 

Fix new. Take j G w such that nj < n < rij+i- Since A is atomless and 
(£>o H Sfc +1 )| n is finite, there is C n G Clop(2 w ) such that 

(2.4) (S n£ fci+1 )| n C<7 n C(B )| n and 

(2.5) A(C n ) < ' 



J + l 

Now, define a set A C 5 by declaring that v4| n := C n for every n G w. We claim 
that A satisfies the required properties. Note that the algebra 03' generated by 03U{A} 
is made up of all sets of the form (Bi (1 A)U (B 2 \ A) where Bi,B 2 G 03. Thus, since 
03 is admissible and A\ n G Clop(2^) for every n G u, we also have B\ n G Clop(2 w ) 
for every B G 03' and n G o>. On the other hand, (12. 5 ft implies that lim n A(v4| n ) = 0, 
hence fi(A) = and for any Bi,B 2 G 03 there exists the limit 

limA(((S 1 n A) U (S a \ A)) |B ) = /i(S 2 ). 

This proves that 03' is admissible. 

On the other hand, we claim that for every j G oo we have 

(2.6) ^nBon5 fej+1 an4 j+1 . 

Indeed, take n G w. If either n < nj or n > nj + i, then (ii,- PI -Bo H Sfc. +1 )| n = (bear in 
mind (b)). If rij < n < rij + i, then (12 .4p implies that (RjDB r\Sk j+1 )\ n Q (AnSk j+1 )\ n - 
This proves the inclusion (12. 6p . 

It follows that for every j G u we have 

ED 

% +1 (A) = % +1 (An5 %+1 ) > ^ J+1 (i2 i ns n5 fci+1 ) = 

= ^.n So) ( > ) ^>o. 

Hence the sequence {ffc(-A)}jfc 6u does not converge to /i(A) =0. □ 
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After those preparations we are ready for our main result. 
Theorem 2.7. Assuming CH there is a compact space K such that 

Seq 1 (coA K ) ^ Seq(coA K ) = P(K). 

Proof. Here we use the terminology and notation introduced in the present section. 

I. The construction. Let {{z/f} fc6w : £ < Ui} be the collection of all sequences 
of non-negative measures on V(X) which are supported by a finite subset of X. We 
shall construct by induction an increasing transfinite collection of countable admissible 
algebras {21^ : £ < Ui} of subsets of X. We start from the algebra 2t already defined 
and for any limit ordinal ( < Wi we simply set 2lg := [J v< ^rj- 

For the successor step of the induction, let £ < oj\ and suppose we have already 
constructed the algebras {21^ : r\ < £}. For every r\ < £ we enumerate A/'(2l r? ) as 
{S(rj,a) : a < Ui}. Lemma 1231 applied to the countable collection 

S(0 := {S(rj,a): V , a < £} C 

ensures the existence of a set A(£, 2) CI such that is (l/2)-captured by A(£, 2). 
Since the algebra generated by 21^ U {A(£,2)} is admissible, we can apply again 
Lemma l2~5l to that algebra to find a set A(^, 3) C X such that <S(£) is (l/3)-captured 
by A(£,3) and the algebra generated by 21^ U {A(t;,2), A(£,3)} is admissible. Con- 
tinuing in this manner we obtain a sequence {^4(£, j) : j > 2} of subsets of X such 
that: 

(a) «S(f) is (l/j)-captured by A(£,j) for all j > 2; 

(b) the algebra 2t^ generated by 21^ and the family {A(£,j) : j > 2} is admissible. 
We now define a set 1) C X by distinguishing two cases: 

• If linifc v k {B) = /i(-B) for every B G 21^, then we can apply Lemma 1231 to find a 
set -Dg C X\A(£,2) such that the algebra generated by ^U{D^} is admissible 
and {h>l(D^)} k£uJ does not converge to fi{D^). Set A(£, 1) := X \ D^. 

• Otherwise, we set A(£, 1) := A(£,2). 

We now conclude the successor step by letting 2t^ + i be the countable algebra generated 
by 21^ and the family {A(^,j) : j > 1}. Observe that 2l^ + i is admissible. 

Define an admissible algebra 21 C V(X) by 21 := Uf<u;i Note that 21 has the 
following properties: 

(i) for every countable collection S C A/"(2t) and every e > there is A G 21 such 
that S is e-captured by A; 

(ii) for every sequence {B k } keoj G A/"(2l) there exists £ < oj\ such that for every 
£o < £ < oj\ and every j > 1 there is k G u; such that (B k )\ n C j)| n for all 
but finitely many n G w. 

Indeed, these facts follow from property (a) above, bearing in mind that any countable 
collection S C A/"(2l) is contained in <S(£o) for some £o < <^i- 
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II. Introducing the compact space if. We now consider the compact space 
if = ULT(2l). Let if* C if be the set of all ultrafilters that contain no set of the form 
{n} x 2 W . We claim that every 7 G if \ if* is of the form JF X := {A G 21 : x G A} 
for some x G X. Indeed, if J 7 contains {n} x 2 W for some n G u, then the collection 
{A\ n : A G J 7 } is an ultrafilter on Clop(2 w ), so the intersection H{^|n : A G J 7 } 
consists of a single point t G 2 U , and therefore J 7 = J- x for a; := (n, i) G X. Since 
K\K* = IJnew { n ) x the set if* is closed in if. For any A, 5 G 21 we have 

(2.7) B n if* C A fl if* whenever .Bu C A\ n for all but finitely many n £ lu. 

Since 21 is admissible, for every n G co we have a probability measure /i n on 21 
defined by 

fi n {A) := X(A\ n ) 

and lim n fj, n (A) = fi(A) for every A G 21. Note that // (seen as a Radon measure on if) 
is concentrated on if*, because /i({n} x 2 W ) = for every n G w. We also have 

(2.8) MOT) = for ever Y F € if- 

Indeed, fix e > and take any partition C of 2 W into finitely many clopen sets with 
A(C) < £ for all C G C. For every J 7 G if there is some C G C such that wxCgJ 
and so /i({J-"}) < /i(u; xC) = A(C) < e. As e > is arbitrary, this proves (12. 8ft . 

III. Claim. Every closed Qs set H C if* with fi(H) = is metrizable. 
Indeed, it is easy to see that we can write 

(2.9) H = f| B~ k n if * 

for some {B k } k£uJ G A/"(2l). Now let £ < w i be as in property I(ii) above. We shall 
check that the countable family A := {A fl ii : A G 2l^ } is a topological basis of ii 
(which implies that H is metrizable). 

To this end it is sufficient to show that A fl H G A whenever A G 21. We proceed 
by transfinite induction bearing in mind that 21 = U^<oji Let £ < w i an< ^ suppose 
that A D H G ^4 whenever A G Ur;<? ^ either £ is a limit ordinal or £ < £ then 
there is nothing to prove. If £ is of the form £ = rj + 1 for some 77 > £0, set 

£:= {A G 2l 5 : A fl ii G .4}. 

Observe that £ is an algebra of subsets of X containing 21^. By the choice of £0 (bearing 
in mind (12 .7ft ). for every j > 1 there is G u such that 5^ D if* C A(rj,j) fl if*, so 
H C A(7/,j) (by fl2~9l). hence A(r/,j) D H = H E A and therefore A(r/, j) G £. It 
follows that 21^ = £. This proves that A (1 H £ A whenever A G 21, as required. 

IV. Claim. For every j G u, let Hj C if* be a closed Qs set with fi(Hj) = 0. Then 
F := Uj euJ Hj is metrizable and fi(F) = 0. 
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Indeed, as in the previous step, for every j G u we can choose {B k } keu) £ A/"(2l) 
such that ^ 

r\ B i nK *- 

Fix i G w. By property I(i), there is A4 G 21 such that the collection {{B^}fc gw : jGw} 
is ^--captured by A^. In view of ( 12. 7p . for every j G u we have 

A,. = p| 5f n K* c A n iT 

and so F C Ai D if*. Since /i(Aj) < ^ for every i e u, we have //(F) = 0. Moreover, 
since F C H := (~] ieuj Ai fl K* and if is metrizable (by Claim III), it follows that F is 
metrizable as well. 

V. Claim. For every closed separable set D C K* we have /i(D) = 0. 

Indeed, let {J-} : j £ w} be a dense sequence in D. For every j 6 u we have 
/i({J-}}) = (by (12. 8p ) and so there is a closed Q$ set Hj C containing J^- with 
n(Hj) = 0. Since D C |J iij, an appeal to Claim IV ensures that fx{D) = 0. 

VI. Claim. The measure fi does not belong to Seq l (coAx)- 

Our proof is by contradiction. Suppose there is a sequence {9 k } k£uJ in coA^ which 
is u7*-convergent to fi. For every k G u, consider the finite set 

h := {FeK*: e k {{JF}) > 0} 

and let 9 k be the Radon measure on K defined by 

e' k (VL) :=6 k (tt\K*) for every Borel set O C K. 

We claim that {0 k } keuJ is ^/-convergent to //. Indeed, the set D := [J keul Ik satisfies 
n(D) = (by Claim V) and so we can find {Bi] ieuJ G A/"(2t) such that D C f] i£a} -Bj. 
Now, fix A G 21. We have 

\6' k (A) - 6 k (A) \ = 6 k (Af] K*) = 6 k (A n -D) <e k (Bi) for every i, fc G w. 

Bearing in mind that 

lim6 l fe (A) = /i(A), lim0fc(i^) = and lim/x^) = 0, 

k k ' i 

we get \\m k 6' k (A) = fi(A). As A G 21 is arbitrary, {^} fc& is w*-convergent to fj,. 

On the other hand, each 8 k is a linear combination (with non-negative coefficients) 
of finitely many elements of A K \ K * = {Sjr x : x G X}, where T x = {A G 21 : x G A} 
(see II). Hence (9^ comes from a non-negative finitely supported measure on V(X) 
and so there is £ < wi such that 6^(v4) = ^(A) for every A G 21 and k E uj. By 
the construction (see I) there is some A G 21 such that {i^(A)}fc eu) does not converge 
to fJ,(A), thus contradicting the fact that {0' k } keuj is u>*-convergent to /i. 

VII. Claim. T/ie measure fx belongs to Seg 2 (coAx). 
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Indeed, the sequence {/i n } nea , is w;*-convergent to fi as we pointed out in II. On the 
other hand, every fi n is concentrated on the closed metrizable set {n} x 2 W (it is not 
difficult to check that it is homeomorphic to 2 U ), hence \x n has a uniformly distributed 
sequence and so \i n G S , eg 1 (coA^-). 

VIII. Claim. The equality Seq 3 (coA K ) = P(K) holds. 

Let v G P{K). We can write v — V\ + i/ 2 + ^3 where G M + (K) satisfy: 

• u^Q) := u(n \ K*) for every Borel set Q C K\ 

• 1/2 is absolutely continuous with respect to fi; 

• 1/3 is concentrated on a Borel set -B C K* with = 0. 
For every n G u we define # n G M + (iT) by 



Then 0„ G Seq 1 (M + (K) flspanA^), because 9 n is concentrated on the closed metriz- 
able set nx2 u = Ufc< n {^} x ^ ■ Since the sequence {0 n } neul is w*-convergent to 1/1, 
we conclude that v\ G Seq 2 (M + (K) D spanA^-). 

On the other hand, since z/ 2 is absolutely continuous with respect to fj, G 5 , eg 2 (coA^-) 
(see Claim VII), we have u 2 G Seq 3 (M + (K) D spanA^) by Lemma 12721 

Concerning z/ 3 , note that (by the regularity of z/ 3 ) we can assume that B is of the 
form B = [_}j <u) Fj for some closed sets Fj C X*. Now, for every j G a; we can find 
(using the regularity of /x) a closed ^5 set if., C if* such that Fj C if, and fJt(Hj) = 0. 
From Claim IV it follows that I? is metrizable and so z/ 3 G S'eg 1 (M + (i^) fl spanA^)- 
Therefore, v = v\ + v 2 + z/ 3 G Seg^M^iT) fl spanA^). Since z/ is a probability 
measure, it is not difficult to prove that v G 5'eg 3 (coA^) as well. This completes the 
proof of Theorem 12.71 □ 




Let K be a compact space. It is known (cf. [UJ Proposition 3.6]) that for every 
Ba(C p (if ))-measurable fi G P{K) there is a closed separable set F C X such that 
fi>(F) = 1. Thus, if the equality 



holds true then every element of P{K) is concentrated on some closed separable subset 
of K. In this section we make clear that the converse statement fails in general, 
since Ba(C p (/3o;)) 7^ B&(C w (/3uj)) (Theorem 13 ,4p . This will be a consequence of the 
construction given in Theorem 13.21 below. 

Recall that the asymptotic density of a set A C uj is defined as 



whenever the limit exists. We shall write T> for the family of those A C uj for which 
d(A) is defined. The following lemma is well-known. 



9 n (fl) := u(p nnx2 u ) for every Borel set Q C if. 




3. The cases of /3a; and /3cj \ cj 



B&(C P (K)) = Ba(C w (K)) 
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Lemma 3.1. If {A n } new is an increasing sequence in T> , then there is B G T> such 
that A n \B is finite for every n G uj and d(B) = lim n d(A n ). 

Theorem 3.2. There is v G P((5ui) such that: 

(i) v is of countable type, i.e. L l (u) is separable; 

(ii) v(fiu\u) = l; 

(iii) u(F) = for every closed separable set F C (3u \ u. 

Proof. Let {t n } n <z UJ be a uniformly distributed sequence for the usual product proba- 
bility measure A on 2 W . For every E G Clop(2 w ) we define f(E) := {i G u : U G E}, 
so that 

Um W£KH =lim i£ 

n n n n z — ' 

hence y(.E') belongs to X) and d(ip(E)) = X(E). It is easy to check that 

21 := {(p(E) : ,5 G Clop(2")} C X> 

is a (countable) algebra. Let IS (01) be the family of all increasing sequences in 21. By 
Lemma [XT] for every S = {S n } neu) G IS (01) we can find B$ G X 5 such that S n \ B$ is 
finite for every n G u and d(B$) = lim n d(S n ). 

Let 55 C X , (cj) be the algebra generated by 21 U {Bs : 5 G 75(21)}. Fix any free 
ultrafilter U on u and define a probability measure /i on 03 by 

, n . , \BC\n\ 
u(B) := lim , 

n-+u n 

so that fi(B) = d(B) whenever B G 03 fl X>. Observe that the family 

!8(|:={Bg!B: m£{fi(B A A) : A e 01} = 0} 

is an algebra containing 21. We claim that X?s G 33 f° r every S = {S n } neu] G JS'(2l). 
Indeed, fix n G u; and observe that, since S n \ Bs is finite and S n G X 5 , we have 
S n fl 5s G X 5 and d(S n D X?s) = d(S n ). Now, since i?s G X> we also have X?s \ S n G X 5 
and 

d(5 s \ 5 n ) = - rf(5 n n £ s ) = d(S s ) - d(S n ), 

hence [i(Bs A S n ) = fi(S n \ Bs) + n(Bs \ S n ) = d(Bs) — d(S n ). Bearing in mind that 
d(Bs) = lim n d(S n ), we conclude that Bs G 23o, as required. 

It follows that 2?o = 23. Using Lemma [LTJ we extend \x to a probability measure 1/ 
on P(w) so that inf \v(C A A) : A G 21} = for every C C w. Observe that 1/ (seen 
as a Radon measure on /3a;) has countable type (because 21 is countable). 

In order to check that v is concentrated on 0u \ u, fix n G u> and take any e > 0. 
Choose a partition 2 W = (J? =1 E { such that each 1% G Clop(2") and A(-Bj) < e. Then 
w = ULiVW, each ¥>{Ei) e 21 and v{<p(Ei)) = = d(ip(Ei)) = \(E { ) < e. 

Since n G <p(Ei) for some i, we have ^({^}) < v(tp(Ei)) < e. As e > is arbitrary, we 
get v({n}) = 0. It follows that u(j3u \ u>) = 1. 
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Finally, take any closed separable set F C f3u \ u and let {.F n } n6w be a dense 
sequence in F. Fix e > 0. As in the previous paragraph, for every k G u> we can 
find a partition of a; into finitely many elements of 21 having asymptotic density less 
than e/2 k+1 ; one of those elements, say Tk, belongs to Fk- Set 

S n := Tfe for every n E cu, 

k<n 

so that S = {S n } neu] G IS(Ql). We have J-" n G B s for every n G u, because S n \ B s is 
finite and S n G F n G /3w \ w. Hence FC.Bg. Since 

< X] rf ( Tfc ) < < 6 for 6V6ry n e U ' 

k<n k<n 

it follows that v(F) < v(B~ s ) = fi(B s ) = d(B s ) = \im n d(S n ) < e. As e > is 
arbitrary, we get v(F) = 0. The proof is over. □ 

Bearing in mind the comments at the beginning of this section, Theorem 13.21 gives 
immediately the following: 

Corollary 3.3. Ba(C p (/3w \ w)) ^ Ba(C w (/3u \ u)). 

We arrive at the main result of this section. 
Theorem 3.4. B&(C p {fiu})) ^ Ba(C w (/3uj)) . 

Proof. Let v G P((3u) be the measure of Theorem 13.21 We shall prove that v is not 
Ba(Cp(/3u;))-measurable by contradiction. Suppose v is Ba(C p (^o;))-measurable and 
fix a countable set / C (3u such that v is measurable with respect to the a-algebra S 
on C{K) generated by {5 T : F e I}. Set F := T\u C flu \ u, so that u(F) = 0. 
Thus, there is A C with z/(A) > such that A (1 F = 0. 

We can define a measure m on P(v4) by m(B) := z^(-B) for every BC A We claim 
that m is Borel measurable as a function on V(A) (naturally identified with 2 A ). 
Indeed, just observe that the function 

<P:V(A)^C(K), <f>{B):=l s , 

is Borel- S-measurable, because 5jr o = for every T G / \ u (bear in mind that 
An (I \u) = 0). Since in addition m vanishes on finite sets and m(A) > 0, an 
appeal to 0, U] (cf. [8, 464Q]) ensures that m (seen as a Radon measure on (3A) has 
uncountable type, which contradicts the fact that v has countable type. □ 

Remark 3.5. There is a more direct construction of a Radon probability on (3u> \ u 
vanishing on all separable closed subsets which uses a P-point. Recall that a free 
ultrafilter U on u is called a P-point if for every sequence {y4 n } neaJ in U there is A G U 
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such that A n \ A is finite for every n G u>. In this case, the measure defined on V(co) 
by the formula 

f a\ i • \Ar\n\ 

U\A) := hm 

n^U n 

satisfies the following property (AP) considered in [12]: for any increasing sequence 
{A n } nGuJ in V(to) there is A C u such that A n \ A is finite for every n E u and 
//(-A) = lim n /i(A n ); see pQ or [12] for details. Therefore, /x (seen as a Radon measure 
on /3a;) is concentrated on /3a; \ u and vanishes on each separable closed subset of 
0ou \ bj (this can be checked similarly as in the proof of Theorem 13 . 2 j) . 

However, while P-points do exist under Martin's axiom and in many standard 
models of ZFC, consistently there are no P-points [19]. Moreover, consistently there 



are no measures on V(lu) extending asymptotic density and having property (AP) [T2] . 

4. Some open problems 

In this section we collect several open problems related to the topic of this paper. 
Throughout this section K is a compact space. 

Problem 4.1. If fi G P{K) is Ba.(C p (K)) -measurable, does \i G Seg(coA^) ? 

Problem 4.2. Is Seq(coA K ) = P(K) equivalent to B&(C P (K)) = B&(C W (K))? 

Problem 4.3. Let \i 6 5 , eg"(coAK) for some a < U\ and let v G M(K) be absolutely 
continuous with respect to \i. Does v G S'eg a (spanA^) ? 

Problem 4.4. Does the space K of Theorem \2. 7| satisfy P{K) = Seq 2 (coA#) ? 

Problem 4.5. Do we haveBa.(C p (K)) ^ Ba.(C w (K)) whenever C(K) is Grothendieck 
( and K is infinite ) ? 

Recall that C(K) is called a Grothendieck space if every u>*-convergent sequence 
in M(K) is necessarily weakly convergent (see e.g. [U p. 179]). The spaces C(/3oj) 
and C(/3u\u>) are examples of Grothendieck spaces. Our motivation for Problem 14.51 
comes from the results in Section |3] and the following fact: 

Proposition 4.6. If K is infinite and C(K) is a Grothendieck space, then 

Seq(coA K ) ^ P{K). 

Proof. We first claim that every element of Seq^coA^) is concentrated on a countable 
subset of K. Indeed, let {/i n }„ ea ; be any u>*-convergent sequence in P(K), where each 
\x n is concentrated on a countable set C n C K, and write \x G P{K) to denote its limit. 
Since C(K) is Grothendieck, the sequence {/i n } new converges to \i weakly in M(K) 
and so 

li(K \ |J C fc ) = lim/i n (if \ (J = °» 
therefore \x is concentrated on a countable set. This proves the claim. 
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Since C(K) is Grothendieck, it has no complemented copy of c (cf. [4, p. 179]), 
hence K is not scattered (see e.g. [7J Theorem 12.30]) and so there are elements 
of P{K) which are not concentrated on a countable subset of K, [181 Theorem 19.7.6]. 
It follows that Seq(coA K ) ^ P(K). □ 
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